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Abstract 

We propose that certain twists of the su{2\2) S'-matrix elements describe the /3-deformation of 
A/" = 4 supersymmetric Yang-Mills theory. We compute the perturbative four-loop anoma- 
lous dimension of the Konishi operator of the deformed gauge theory from the Liischer 
formula based on these twisted S'-matrix elements. The result agrees exactly with the per- 
turbative gauge theory computations. 



1 Introduction 



The AdS/CFT correspondence [T] is a duality between the TV = 4 super Yang-Mills (SYM) 
theory and type IIB string theory on AdS^ x S^. Integrability in the planar limit [2] has played 
a crucial role in clarifying the correspondence, which relates strong and weak couplings. 

Asymptotic Bethe ansatz equations (BAEs) for all orders and sectors, which have provided 
a computational tool, were conjectured in [3]. Another important approach was to construct 
an exact S'-matrix based on the integrability The S"- matrix for fundamental excitations 
was determined from the su{2\2) symmetry algebra in [5l [6] up to an overall scalar factor 
which was fixed in [TJIH] using crossing symmetry [9]. The conjectured BAEs can be derived 
by diagonalizing the Bethe- Yang matrix [5l [10]. These asymptotic BAEs, however, have a 
fundamental limitation since they are valid only when the size of the spin chain becomes 
infinite. It has been pointed out in [11] that the asymptotic BAEs should fail because of 
wrapping interactions which arise when the order of perturbation theory goes beyond the 
size of the spin chain. 

The deviations from the asymptotic BAEs have been quantitatively studied in the weak- 
coupling limit using generalized Liischer corrections and compared with perturbative SYM 
computations [12] in a series of papers [131 [H]. The results show that the Liischer corrections 
agree exactly with the deviations which is another triumph for the exact S'-matrix of the 
X = A SYM. 

Our main interest in this paper is to generalize the wrapping correction analysis to the 
/9-deformed SYM theory. The deformed SYM theory is obtained by replacing the original 
TV = 4 superpotential for the chiral superfields by: 



The deformation breaks the supersymmetry down to A/" = 1 but still maintains the confor- 
mal invariance in the planar limit to all perturbative orders [T5| [16], since the deformation 
becomes exactly marginal for real (3 if 



where gyu is the Yang-Mills coupling constant. 

Under the AdS / CFT duality, it is believed that this /3-deformed SYM theory is related to a 
string theory with the Lunin-Maldacena background [17]. When the deformation parameter 



W = ih ti{e'^^(p^Z - e-'^^^Z^). 



(1) 



hh — Oym) 



(2) 
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is real, the string theory on this deformed background maintains the classical integrability [TK| 
[19], and has identical excitations such as giant magnons, whose finite-size effects have been 
obtained by transforming the AdS^ x background under some T-duality [19]. Perturbative 
integrability for the deformed SYM was studied in [201 ED [22] • An important development 
in the deformed SYM theory was the perturbative computation in [221 [21] of anomalous 
dimensions for the one and two magnon states in the su{2) sector up to four loops. These 
hints of the integrability of the deformed SYM theory can be established firmly if one can 
construct an exact factorizable S'-matrix which is consistent with the wrapping corrections. 

In this note we propose that certain twists of the sn(2|2) S'-matrix elements describe the 
/9-deformed SYM theory. We show that, via the Liischer formula, these twisted amplitudes 
lead to the correct wrapping corrections for the su{2) Konishi operator. 

2 Finite-size effect of the /3- deformed SYM 
2.1 Asymptotic Bethe ansatz equation 

The asymptotic BAEs have been conjectured for the /3-deformed SYM theory in [20l [22] . 
The BAEs become quite simple for the su{2) sector which is relevant to the Konishi operator. 
There are two "impurities" which carry two Bethe roots Mi,M2 in the spin chain of length 
L = 4 which satisfy 

Ui — U2 — i U2 — Ui — i 

The momenta pi are related to the Bethe roots by 




(4) 



where 



g2 ^ 9ymN 

The energy for a magnon with momentum pi is given by 



(5) 




(6) 



One can deduce the momentum conservation relation from the BAEs 



Pi+P2 = 47r/3. 



(7) 



9. 



We will define shifted momentum variables by 

Pi=Pi-2nl3, pi+p2 = 0. 

The BAE and the energy are expressed simply in terms of p = as follows: 

,4ip _ 2ie{p+2np,-p+2np) ( u{p + 27r/3) - u{-p + 27r/3) + i 



EtoUP) = E{p + 27r^) + E{-p + 27T^). (10) 



We can solve the BAE perturbatively in g by expanding both p and E 

p = po + /p^'^ + ^ V'^ + + • • • (11) 

EtotM = 2 + g''Em+g'E^{l3)+g''E^{l3)+g^E^{P) + .... (12) 
The leading order BAE is 



^4ipo ^ cot(f -7r/j) + cot(f + 7r/3) + 2z 
' cot(f - 7r/3) + cot(f + 7r/3) - 2z 



(13) 



with a solution 

1t3A 
4 cos(27rp) 

where we defined A by [23] 



A ^ v/5 + 4cos(47r/3) ^ (^5) 

From now on we focus on the "— " sign only keeping in mind that the other solution can be 
obtained by changing the sign of A. The energy in the leading order becomes 

Ei(/3) =8sin2 (h-T,[3 \ +8sin2 l^ + Txp] =6(1 + A). (16) 



Higher order BAEs and their solutions can be obtained iteratively along with the energy 
corrections as follows: 
3 

E2 = -— - 15 - 21A - QA^ (17) 
- -^ + i| + 114+l^A + 54A^ + fA3 (18) 



E. 



3 (1 + A)^(-l - 2A + 49A2 + 84A3 - 1359A^ - 5562A5 - 2673A6 + 1944A^ 



8A5(1 + 3A) 
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+ (^-^ + 27 + 54A-90A2- 189A3-81A^^ C(3), (19) 
where the term proportional to ({3) originates from the dressing phase [8]. 



2.2 Perturbative gauge theory results 



We summarize here the perturbative computation of anomalous dimensions of the su{2) 
Konishi operators Tt{XZXZ) and Tt{ZZXX) of the /3-deformed SYM up to four loops 
[23] . One of the two eigenvalues of the dilatation operator is given by 

7 = 4 + 5(^7i + 5(^72 + 5f%3 + 5-^^74 + . . . 

71 = 6(1 + A) (20) 

3 

72 = -— -15-21A-9A2 (21) 
' 8A-5 2A3 4A 2 8 
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297 + 702A + 234A2 - 405A3 - 243A^^ C(3) - 360 (1 + A)^ C(5), (23) 



+ 

and the other eigenvalue is obtained by changing the sign of A. 



Up to order these results match exactly with the asymptotic BAE results. One can 
compare ([20]) with (EI]) with ([17]), and ([22]) with ([H]). At wrapping order there is a 
discrepancy between ([23]) and ([T9]) . 

81(1-3A)'(1 + A)'" 



A 771 , e 

^-C/wrapping y 



-54(1 + A)^(-5 + 3A)C(3) - 360(1 + A)^C(5) , ^ ^ ^^2 



(24) 

We will explain this difference at the leading wrapping order by a finite-size effect based on 
the Liischer formula. 



2.3 Liischer formula 

The Liischer formula for multi-particle states for a theory with non-diagonal ^-matrix has 
been proposed and checked in [13]. For the case of the Konishi operator, the wrapping 
correction is given by 

A^w™ = - E r I [5(-)(.^x^)5(-)(.^4)]|::::^;;J , (25) 

where the rapidities of physical particles are given by 



= ^(cot|±z) (^l + yi + 16^72sin2|) (26) 



and that of the mirror ^-particle bound states is 



4^7 



(27) 



= Fj + Fji is given by 



if j = l,...,2£ 

1 if J = 2£+l,...,4£. 



(28) 



As explained in [13], we need to choose L = 4 because we are including the 'string frame' 
phase factors into the effective length. 



The total 5'-matrix is a tensor product of two twisted su{2\2) S"- matrices, 



and the S'-matrix part in the Liischer formula can be rewritten as 

j^i-ifu., [5(-)(g,.,)5("H^,«2)];j^;;;;;; 



3, J 



(29) 



(30) 



For the su(2) Konishi operator it is enough to consider scattering amplitudes between 
^-particle bound states and Ai which are diagonal. We propose that these matrix elements 
are given explicitly by 



= 2a: 



j=i + 2,...,2i 



(31) 



for the bosonic states and 



, . . . , 



3i, 
4i 



(32) 



for the fermionic states. Explicit expressions for the undeformed matrix elements are 
given in [131 



Let us emphasize that contrary to [13] we calculate here the Liischer correction of the su{2) 
representative of the Konishi operator. In the /3-deformed theory the two representatives 



have different anomalous dimensions and the direct comparison is available only in the su(2) 
case. This calculation is also new in the undeformed case where the Liischer correction 
for only the sl{2) representative has been calculated so far. There are calculations in the 
su(2) sector based on the F-system [23] but we are not able to use this approach since the 
deformed-TBA equations are not available. 



Since the exponential factor becomes 

-\ 4 

z 



256^^ 



(g2 + ^2)4 + • • • ' (33) 

we may consider only a leading term in each expression. The scalar part of the S'-matrix is 
the same as the undeformed case, 

[g - i[t - 1) - 2n] (2m + if 



(34) 



scalarV^, ^ -^f _ _ [(^ _ ^uf + (£ + 1)2] 

The sum in the matrix part is nontrivial. Taking the (7 — ?■ limits on the S'-matrix elements 



given in Eqs. (13111 and ( 1321) . we obtain at leading order 



' 2u~q-i{l-\) 
2u+i ' 



{2u+i){2u-q+i{e-l)) ' 
iTr0 2u-q-i{£+l) 



(2^-^)(f2 + (2^-g+^)2) 



J = l,...,i+1, 

j = i + 2,...,2i, 
j = 2i + l,...,3i, 



(35) 



{2u+i){2u-q+i{e-l))V^u'^+l ' 

Inserting these into Eq.(l25l) and integrating using the residue at g = ii, we get 

'fliui,U2) , f2{Ui,U2] 



wher< 



i 



wrapping 



E 



£5 



(36) 



and 



2bm{l + 2ul + 2ulf 
^^("^'^^) = -(4n? + l)2(4ni + l)2 ^^^^ 



num 

/2 = TJ-^-T^ATJ::^-T^A (3^ 



[Aul + l)4(4n 



num = 2048 (-l + 5ui + 48ui + 96u^-2nin2-16n?n2-32n5n2 + 5^2 + 224^1^2 

+ lQ2Au\ul + 1536u^u2 + 768n^n^ - 16uiu^ - 128n^n^ + 64u^ 

- 256n^n^ + 48u^ + 1024n?n^ + 3200u^u^ + 2560u?u^ - 32nin^ 

- 2bQulul - hl2u\ul + 96m^ + 1536m?m^ + 2hmu\ul + 64m^ + 768m?m^) . (39) 



^Summing up the contributions of the other residues gives a vanishing resuh. 

^ We have expressed the deformation parameter j3 in terms of iti, U2 using Eq.([7]) for simphcity. 



The /s is too complicated to write (1775 terms in the numerator). 



The BAE roots Mi, U2 at the leading order can be used to evaluate the wrapping correction, 
ui = ^ cot (^^ + vr/?^ , U2 = ^ cot (^-^ + nf3^ . (40) 
Using pQ in Eq. (fT^ . we obtain 

ui = — . X , (41) 



2V-1 + 9A2 (3v/r^A^ + 2y/l + ^) 



. <'-^^'^ , (42) 



Inserting these exact expressions into Eq.(l36l) and summing up the infinite terms exactly, 
we obtain 

-54(1 + A)3(-5 + 3A)C(3) - 360(1 + A)2c(5) + "^^fi^^ 



^-C/wrapping — y - v ■ / \ - ■ - /^v / \ / ■ (1 + 3 A) 

(43) 

which matches exactly with Eq.f l24p . The wrapping correction for the second anomalous 
dimension can be computed from the same Liischer formula by simply replacing A with — A. 

The proposed S'-matrix elements can be constructed from a Drinfeld twist of the sn(2|2) 
S-matrix [26] which we will report in a separate publication [27]. Furthermore this S'-matrix 
can lead to the conjectured asymptotic BAEs via nested BAE analysis. We hope this will 
lead to studying the /3-deformed SYM theory in a more rigorous way. 

There are several imminent questions. While our analysis successfully generated the four- 
loop Liischer corrections of the su{2) Konishi operator, we have not succeeded in the one 
impurity system, whose perturbative results are given in [231 121], and for which Liischer 
corrections have been calculated for /3 = 1/2 and generic values of L in [28]. Another 
challenge is to derive the asymptotic BAEs based on our S-matrices which will eventually 
lead to the thermodynamic Bethe ansatz, thereby generalizing the TBA equations in [29] . 
We hope to address these issues in the near future. 



Note Added: In the recent paper [30], our result for the four- loop Liischer correction of 
the su(2) Konishi operator is confirmed, and also results for a single impurity are obtained 
using a (non-symmetric) deformation of the F-system. 
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